The second order nonlinear longitudinal acoustics in a cylindrical combustion chamber are studied for the case of an unstable second mode. A modal analysis is undertaken and a continuation method is used to determine the limit cycle behavior of the time dependent amplitudes of the acoustic modes as functions of the linear stability of the unstable acoustic mode. It is shown that if an insufficient number of modes are included in the truncated system, bifurcations of the primary limit cycle occur. The energy in the limit cycles is analyzed and the bifurcations are shown to occur as a means of increasing the amount of energy transfer out of the unstable acoustic mode and into the stable acoustic modes through the nonlinear terms.
Introduction
Because combustion instabilit.ies arise normally as linearly unstable motions, nonlinear processes must be present to prevent the instabilities from growing without limit. Experimentally, therefore. nonlinear behavior is always observed. Serious analysis of nonlinear combustion instabilities began with work by Crocco, Sirignano. Mitchell and Zinn 1 , 2, 3, 4 at Princeton in the 1960's. The results reported here are the most recent from a continuing investigation begun in the early 1970's, using a form of Galerkin's method 5 ,6,7,8. This approach is based on expressing any unsteady motion in a combustion chamber as a synthesis of normal modes, 00 n=l I ( )
where l/Jn (x) are normal modes for the combustion chamber geometry in question. Spatial averaging converts the problem of solving the system of nonlinear partial differential equations to the much simpler problem of solving a system of nonlinearly coupled ordinary differential equations for the timedependent amplitudes of the normal modes of the form where Fn is a nonlinear function of 7Jn, rln and time.
Various tests have confirmed that accurate results can be obtained with this procedure for a broad range of conditions 9 . Hence this system of equations, representmg a collection of nonlinear oscillators, seems to be an acceptable formulation for studying various a.5pects of observed behavior understood poorly or not at all.
There are two main classes of nonlinear problems in this subject: determining the conditions for existence and stability of limit cycles; and determining the conditions under which a linearly stable system may become unstable when subjected to an appropriate disturbance. As a practical matter, two approximations have commonly been used to simplify the analysis and to try to obtain simpler methods for routine applications: (1) time averaging converts the second-order equations to a first order system governing the slowly changing amplitudes and phases of the modes; (2) in any case the expansion must be truncated at a finite number of modes.
Previous work by Jahnke and Culick 10 examined the effect of truncation at a finite number of modes on the limit cycle behavior of the system. For systems with an unstable first mode it was shown that the stability boundaries predicted by the twomode approximation are artifacts of the truncation. Stability boundaries do not occur for systems of four or more modes. For systems with an unstable second mode, bifurcations were found to occur for moderately unstable systems. In particular, a pitchfork bifurcation was found to lead to a second branch of limit cycles and a subsequent Hopf bifurcation was found to cause quasi-periodic behavior. The work presented here is a further analysis of a system with an unstable second mode and shows that bifurcations occur as a result of insufficient energy transfer between acoustic modes due to truncation.
Nonlinear Acoustic Equations
The equations analyzed in this paper represent the time evolution of the amplitudes of the longitudinal acoustic modes in a cylindrical combustion chamber. Linear contributions from the combustion processes, gas/particle interactions, boundary conditions, and the interaction between the steady and unsteady flow fields are included along with nonlinear contributions from the gas dynamics. The equ~ tions representing the time evolution of the amplitudes of the longitudinal acoustic modes wpre obtained from Paparizos and Culick 11 and have the form Tin +w~ TIn = 2C1'n ryn + 2Bnwn T)n n-l( )
-L e ni TIn Tln-i + Dni Tli Tln-i .=1
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This system of equations has the form of a system of nonlinearly coupled oscillators. The parameters Cl'n and Bn account for the linear processes mentioned above and represent the linear damping and frequency shift of each mode, respectively. Parameter values used in this study were obtained from Paparizos and Culick 11 and are listed in Table 1 . Since this study is restricted to longitudinal acoustic modes in a cylindrical combustion chamber the modal frequencies are related by the relation Wn = n WI. Substituting this relation into Eq. (1) and nondimensionalizing time with the fundamental acoustic frequency (t = WI t, where tis nondimensional time) results in the system n-l ( )
2 ~ (e(2).. and writing the system as
Energy in Limit Cycle
An equation for the energy in the limit cycle may be formed in the same manner as the energy equation for a mass-spring mechanical system; multiply Eq. (2) by r,n and write the system as
The term ~r,~ represents the kinetic energy of the limit cycle and the term ~ (n 2 -2 n en) TJ~ represents the potential energy of the limit cycle. The total energy in the limit cycle is conserved, as can be seen by integrating Eq. (5) over one period of the limit cycle. Since the left-hand side of the equation is an exact differential, integrating over the limit cycle results in
The terms in Eq. (6) represent energy production/ dissipation terms related to the linear damping of the acoustic modes and energy transport. terms related to the nonlinear coupling between acoustic modes. Equation (6) holds for each mode. so the energy production/dissipation and the energy transport must balance for each mode. For many combustion systems one mode is unstable while the remaining modes are stable. Thus 3 the linearly unstable mode will produce energy that the nonlinear terms will transport from the unstable modes to the stable modes where it is subsequently dissipated. Truncating the system at a finite number of modes alters both the transport of energy between modes and the number of modes available to dissipate energy.
Since the dissipation of energy by a stable acoustic mode is proportional to the time dependent amplitude ofthe acoustic mode sufficient dissipation can be achieved by simply increasing the amplitude of the acoustic mode. Previous results lO have shown that the amplitude of the highest frequency acoustic mode in the truncated system is larger than it would be in the non-truncated system. This occurs as the highest frequency mode tends to dissipate much of the energy that would be dissipated by the truncated modes.
'Transport of energy from the unstable mode to the stable modes is also affected by truncation of the system. Energy transport between modes can only be accomplished by the nonlinear terms in Eq. (2). Truncation of the system will reduce the ability to transport energy from the unstable to the stable modes. Increasing the modal amplitudes will enhance energy transport, but the phase relationship between modes also plays an important role in the energy transport.
Results and Discussion
Previous results by Jahnke and Culick lo have shown that complicated behavior occurs for systems with an unstable second acoustic mode and all other modes stable. In particular, bifurcations of the limit cycles representing combustion instabilities occur. Figure 1 shows the maximum time dependent amplitudes of the acoustic modes as a function of a2 for a six mode approximation. Stable limit cycles are represented by solid lines while unstable limit cycles are represented by da.<>hed lines. Nine branches of limit cycles occur as a result of pit.chfork bifurcations. Note that Eq. (2) is invariant to the transformation l}n ....... (_l)n TJn so the limit cycles arising from the pitchfork bifurcations come in pairs with the odd modes symmetric about zero. For clarity. only one oft.hese pairs is shown in Fig. 1 . Hopfbifurcations, which lead t.o t.he existence of quasi-periodic motions, also occur. It has not been possible in this work to cont.inue the quasi-periodic solutions that result from the Hopf bifurcations, but it should be kept in mind that these solutions do exist lD . Bifurcations at which a stable limit cycle becomes unstable are the physically important bifurcations. These bifurcations will result in a change in the qualitative nature of the combustion instability. In Fig. 1 the two physically relevant bifurcations are the pitchfork bifurcation near 0'1 =80 and the Hopf bifurcation near 0'1 = 150. The pitchfork bifurcation results in a new stable limit cycle in which the odd acoustic modes are excited along with the even acoustic modes. The Hopf bifurcation causes the stable limit cycle to become unstable and result-s in a stable quasi-periodic motion lO . Since the limit cycle behavior of systems with an unstable first acoustic mode were found to depend on the number of modes included in the truncated system 10 , the limit cycle behavior of a system with a second mode instability was analyzed for systems with up to sixteen modes. The limit cycle behavior for this case was also found to depend on the number of modes included in the truncated system. Figure 2 shows the maximum of the time dependent amplitude of the first acoustic mode in the limit cycle as a function of 0'2 for systems composed of from seven to sixteen modes. For small values of 0'2 the first acoustic mode is unexcited for all the systems studied. Note that the first acoustic mode being unexcited corresponds to all the odd modes being unexcited (cf. Fig. 1 ).
All systems except the fourteen-and sixteenmode approximations undergo a bifurcation at a critical value of 0'2 which causes the limit cycle with the odd modes unexcited to become unstable. It is striking that the bifurcation not only occurs at different values of 0'2 for systems composed of different numbers of modes, but the type of bifurcation also differs. Table II lists the values of 0'2 at which the initial bifurcation occurs on the primary branch and the type of bifurcation that occurs. Note that for fourteen-and sixteen-mode systems no bifurcat ion occurs and the odd modes remain unexcited. Thus it seems that the bifurcations that cause the odd acoustic modes to become excited are artifacts of the truncation of the system. Figure 3 shows the maximum time dependent amplitudes of the second acoustic mode for the branch of limit cycles with the odd modes unexcited as function of 0'2 for various modal truncations. Only solutions for systems with an even number of modes are shown as the amplitude of T)2 does not change if one more mode is added to the system. Thus, the amplitude for T)2 is the same in the six and seven mode systems, the eight and nine mode systems, etc. This is not true for the stabilit.y of 4 the limit cycles, as can be seen in Table II . Figure 3 shows that it is necessary to include at least fourteen modes to obtain the correct stability information and the proper amplitude for TJ2 for the range of 0'2 considered. Recall however that the odd modes are unexcited for the fourteen and sixteen mode approximations, so only seven or eight modes, respectively, are excited.
To help understand why bifurcations that excite the odd modes occur, the ratio of linear energy production to linear energy dissipation in the limit was computed. Figure Ih shows a plot of the ratio (7) as a function of 0'2 for the six mode approximation. This quantity represents the ratio of energy produced by the linearly unstable mode to the energy dissipated by the linearly stable modes. A somewhat surprising result is that the energy dissipated by the linear damping is larger than the energy produced by the unstable acoustic mode. It seems that during the transport of energy from the unstable to the stable modes by the nonlinear terms there is an amplification of the energy. As the system becomes more unstable (i.e. larger 0'2) the ratio of linear production to linear dissipation decreases further.
Monitoring the contributions of the terms representing the linear production/dissipation and the nonlinear transport of energy in Eq. (6) shows that energy is produced by the linear term of the unstable mode. This energy is taken out of the unstable mode through the nonlinear terms of the unstable mode and fed into the nonlinear terms of the stable modes where the linear terms dissipate the energy. There always seems to be some amplification of the energy during transport by the nonlinear terms as shown by the fact that linear dissipation is always greater than linear production as shown in Fig. lh .
The two-mode time averaged results help explain why this is the case. Assuming, as we do in time averaging, that in the limit cycle T)n = I'n sin(2 7r n t + tPn) (8) then the linear energy dissipation of each mode is The two mode time averaged approximation can be used to examine the energy balance. For the two-mode time averaged approximation 10 1-1 = 0:1 rl -K r1 r2 cos tP2 1-2 = 0:2 r2 + K rr cos tP2
In the limit cycle (10) sin tP2. so using Eq. (9) ll results because lh = ~ for this situation and it is no longer possible to transport energy out of the unstable acoustic mode, This causes the amplitude of the unstable acoustic mode in the limit cycle to become infinite, The stability boundary thus has more to do with the transport of energy that with the linear dissipation of energy. The stable modes can always dissipate more energy by increasing their amplitudes, but a bottle-neck 5 can occur in transporting the energy from the unstable to the stable modes through the nonlinear terms. Figure Ih shows that a stability change occurs at the first pitchfork bifurcation and A on the stable branch is larger than on the unstable branch. Recall that the linear production is equal to the nonlinear transport of energy out of the unstable mode and, as we saw for the two mode time averaged result, there may be some bottle-neck in the nonlinear transport such that not enough energy is getting out of the unstable mode causing the limit cycle to become unstable. Since the odd acoustic modes are excited in the new branch of limit cycles it is now possible to transport more energy out of the unstable mode and into the stable modes.
Since the ability to transport energy out of the unstable mode to the stable modes is dependent on the number of modes included in the truncated system, A was calculated for systems of up to 16 acoustic modes. Figure 4 shows A as a function of 0:2 for systems of seven to sixteen modes. The figure shows that the ratio of linear energy production to linear energy dissipation decreases for more unstable systems(i.e increasing values of 0:2). Thus there is more than enough ability to dissipate energy by the stable modes. The limiting factor is the ability to transport energy out of the unstable mode to the stable modes. As a way of getting around the artificial restrictions on energy flow caused by truncation of the system, bifurcations occur that cause the odd acoustic modes to become excited, thus opening up more avenues for energy transfer out of the unstable acoustic mode. Figures 4b and 4d show that A is larger on the stable branch arising form the pitchfork bifurcation than on the unstable branch. This is a result of the odd modes being excited on the stable branch but not on the unstable branch.
Conclusions
This analysis has shown that the limited energy transport provided in the truncated system is responsible for the bifurcations of the limit cycles seen in previous work on systems with an unst able second mode, If a sufficient number of acoustic modes is included in the approximate system no bifurcations of the limit cycle occur, Since the transport of energy is seen to be the limiting factor in the truncated system, the inclusion of higher order 110n-linearities in the system may be necessary to model combustion inst abilities for highly unstable systems, 11 Paparizos, 1. and Culick, F. E. C., "The Two-Mode Approximation to Nonlinear Acoustics in Combustion Chambers I. Exact Solutions for Second Order Acoustics," Combustion Science and Technology, Vol. 65, 1989, pp. 39-65. 6 
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